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Abstract 
It is well known that, beyond a critical aspect-ratio-dependent Reynolds number, the flow in a three-dimensional T-channel 
junction, i.e. two-opposing planar channel streams joining and turning through 90 degrees, can break symmetry. For the case of 
two square cross-section inlets and an outlet arm of equal area (i.e. aspect ratio of two) this bifurcation is to a steady asymmetric 
flow.  This flow bifurcation has been proposed as a method of enhancing mixing in microfluidic channels where significant 
increases in mixing quality are observed beyond the bifurcation.  In the current work we investigate numerically the effects of 
viscoelasticity on this supercritical pitchfork bifurcation using a numerical finite-volume method.  Results from both the upper-
convected Maxwell and Oldroyd-B models show that the instability occurs at lower Reynolds numbers for viscoelastic fluids in 
comparison to the Newtonian base case.  At higher Deborah numbers the transition leads directly to an unsteady flow.      
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1. Introduction 
The mixing of two fluid streams in microfluidics is of relevance to a wide range of industries, most notably in the 
chemical and biological fields where mixing is used to aid chemical reactions [1-2]. A very simple microfluidic 
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mixing device, which can be easily fabricated and integrated into more complex mixing geometries, is a planar T-
channel [3] with two square inlets and an outlet of equal combined area (i.e. maintaining a constant bulk velocity in 
each channel arm).  In this geometry, a generic schematic of which for arbitrary inlet and outlet aspect ratios is 
shown in Fig. 1(a), two-opposing planar channel streams join and turn through 90 degrees.  In their numerical study 
Kockmann et al. [3] found that the resulting flow in the outlet channel can be characterized by three flow regimes 
during steady flow: so-called “stratified” flow, “vortex” flow and “engulfment” flow. At low flow rates (or low 
Reynolds numbers, Re), so-called stratified flow was observed. This flow regime is characterized by flow 
streamlines remaining primarily unidirectional and essentially following the curvature of the geometry. At higher 
flow rates, where inertial effects become important and Dean-like rolls appear in the outlet channel [4], the flow is 
called “vortex” flow. Finally, at a critical Reynolds number, Rec, the flow breaks symmetry, although it remains 
steady, and this regime is called “engulfment flow”.  These three different flow regimes are illustrated in Fig. 1(b). 
 
Despite the numerous studies in the literature on this problem, e.g. [3, 5-11], we have found no evidence of any 
papers which deal with the effects of viscoelasticity on the critical Reynolds number.  Recently, we probed the 
effects of inelastic shear-thinning non-Newtonian properties on the asymmetry [12] but the effects of viscoelasticity 
on the instability remain unstudied.  Given the ubiquity of non-Newtonian characteristics in both natural and 
synthetic fluids in the chemical and biological fields [13], where these micro-mixers are expected to be used, 
knowledge of the effects of shear-thinning and elasticity on the critical conditions for this instability would seem 
important.  It is well known that purely viscous shear-thinning effects can alter the critical conditions for the 
bifurcation which occurs in plane sudden expansions for example [14-16] and also that elasticity can influence the 
flow stability in geometries such as plane sudden expansions [17], cross-channel mixers [18-20], flow-focusing 
devices [21] and mixing-separating devices [22].  For example, Rocha et al. [17] used the FENE-CR model to show 
that elasticity stabilizes the inertial symmetry-breaking bifurcation which occurs in a two-dimensional 1:4 plane 
sudden expansion. Increasing the Weissenberg number to 2 increased the critical Reynolds number from 36 in the 
Newtonian case to about 46 (when the solvent viscosity ratio was fixed at 0.5).     
 
(a)     (b)  
Fig. 1 (a) Schematic of T-channel junction geometry; (b) Rear view looking downstream in positive x-direction of representative pathlines 
illustrating: symmetric stratified flow (top row Re = 5); symmetric vortex flow (middle row Re = 50) and asymmetric engulfed flow regime 
(bottom row Re = 150). 
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2. Governing equations and numerical method 
 
To model the T-channel flow we assume that the flow is isothermal and incompressible.  Under these conditions, 
the equations that need to be solved are those of conservation of mass  
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together with a suitable choice for the viscoelastic extra-stress tensor Ĳ.  We choose here to use the well-known 
Oldroyd-B model [23] of which the upper-convected Maxwell (UCM) model is a limiting case 
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 In these equations the constant model parameters are the relaxation time of the polymer O, the polymer 
viscosity Kp  and the solvent viscosity Ks. For the Oldroyd-B model, the viscosity ratio ȕ, defined as the ratio of 
solvent viscosity to total viscosity was varied, E =Ks/(Kp+Ks).  In the UCM model the solvent viscosity is identically 
zero.   
A finite-volume technique is used to solve Equations (1)-(3). The numerical technique has been described in 
detail elsewhere [24-27] and therefore is not unnecessarily repeated here. 
3. Geometry, bifurcation parameter, computational meshes and boundary conditions 
The T-channel geometry is shown schematically in Fig. 1(a).  Flow is provided in each inlet arm with bulk 
velocity UI and channel height HI and channel width WI.  At the plane z = 0 the two streams meet and are turned 
through 90q into the single outlet arm of width WO and height HO.  For all the results presented here we confirmed 
that the critical Reynolds number is independent of the length of the inlet arms.  At the entrance to the outlet arm (i.e. 
x = 0.5 WI) we define a bifurcation line along -HO /2 < y < HO / 2 and monitor the z-component of velocity (i.e. w) 
along it:  below Rec the flow is symmetric and w is, by definition, equal to zero.  Monitoring of the off-centreplane 
reattachment lengths (for example at nominal y/HO values of ±0.25) provides an alternate, but consistent, means of 
determining when flow symmetry is broken.   At the inlets we apply a fully-developed velocity profile and at the 
outlet we apply the outlet Neumann boundary condition (i.e. wI/wx where I = u, v or w).  At the walls we apply the 
no-slip condition and impenetrability (i.e. u = 0).     
Initially we have fixed the inlet channels to a square cross-section (ARI = WI /HI =1) and kept the outlet channel 
area fixed so that the bulk velocity remains constant (ARO= WO /HO =2).  In the inlet arms 25 × 25 cells of uniform 
size were used in the cross-section and 50 × 25 in the outlet arm. The mesh used in the numerical simulations is 
composed of 125,000 cells and has increasing cell density closer to the T-channel junction. The number of cells in 
the joining region of the T-channel is 25 × 25 × 50 along the x, y, z directions respectively leading to minimum cell 
sizes of ǻx/ HI = ǻy/ HI = ǻz/ HI = 0.04.  Due to the three-dimensional nature of the flow, further refinement of the 
mesh leads to significant increases in the required, already very large, CPU times, and therefore in this preliminary 
study we decided not to further refine the mesh.  For example on this mesh, close to critical conditions, each 
simulation typically took anywhere between 300-600 CPU hours to converge on a 2.27 GHz PC with 24 GB of 
RAM.    
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4. Comparison to literature results 
Prior to a discussion of our systematic study of viscoelastic effects, in this section we compare our results for the 
Newtonian “base case” of Kockmann et al. [3] with the available results in the literature (listed in Table 1).  The 
Reynolds number (Re) is the outlet Reynolds number based on the mean velocity in the outlet channel (UO) and the 
outlet hydraulic diameter (DHO), defined as DHO = 4 WO / 2(WO + HO). The critical Reynolds number (Rec) is 
determined by monitoring the spanwise velocity component (w) along the bifurcation line shown in Fig. 1.  When 
the flow remains symmetric this velocity component is zero; above Rec non-zero values of w are observed along the 
bifurcation line.  Typical variations of this velocity component close to the critical Reynolds number are shown in 
Fig. 2(a).  As can be seen from inspection of Fig. 2(a), beyond a Reynolds number of 140 non-negligible spanwise 
velocities occur which are synonymous with asymmetric or “engulfed” flow.  In Fig. 2(b) we plot the variation of 
the maximum spanwise velocity along the bifurcation line with Reynolds number.  Close to the bifurcation the 
variation of this velocity follows a clear square root relationship typical of so-called supercritical pitchfork 
bifurcations.  Beyond Rec there are three steady solutions only two of which are stable:  two solution branches 
corresponding to bifurcation to asymmetric flow (related to which inlet stream “engulfs” the other) and the unstable 
symmetric branch.  Dependent on the simulation initial conditions, both asymmetric branches could be found using 
our numerical technique and we always confirmed as to the presence of hysteresis in the critical Reynolds number. 
(a)     (b)  
Fig. 2 (a) Variation of spanwise velocity along bifurcation line for Newtonian fluid (location of bifurcation line illustrated in Fig. 1). (b) 
Bifurcation parameter (wmax / UO) against Reynolds number including square root fit close to critical Reynolds number for Newtonian and UCM 
fluids 
 
Table 1. Summary of previous investigations of Rec for T-channel geometries for Newtonian fluids where ARI = 1 and ARO = 2 
Author Numerical (N) or 
Experimental (E) 
Rec 
Hussong et al (2009) N 138 – 140 
Thomas and Ameel (2009) E 93.3 – 189.3 50% at 154.6 
Dreher et al (2009) E 140 (approx.) 
Hoffmann et al (2006) E 138 (interpolated from graph) 
Mouheb et al (2011) N & E 150 
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Bothe et al (2005) N 139 – 140 
Soleymani et al (2008) N 141 
Engler et al (2004) N & E 150 
Poole et al (2013) N 138.3 
Current study N 144 
 
To estimate the critical conditions for each run in the most consistent manner, close to the critical value the 
maximum spanwise velocities along the bifurcation line are fit to a square root function of the form wmax/Uo = A (Re-
Rec)0.5:  in this manner Rec is determined unambiguously (i.e. independently of Reynolds number step size).  These 
fits are included in Fig. 2(b).  The value of the current study is in good agreement with most numerical values in the 
literature (e.g. [5,7,8,10,28]) and is within 4% of the mesh-independent value obtained using Richardson’s 
extrapolation technique in [12]. 
   
Fig. 3 Flow map of Deborah number – Reynolds number parameter space for UCM model: steady symmetric; steady asymmetric and unsteady 
flow 
5. Effect of viscoelasticity 
The effect of small amounts of viscoelasticity on the flow bifurcation, quantified using a Deborah number based 
on upstream velocity and channel height De = OUI/HI, is shown in Fig. 2(b) for the UCM model.  For both De = 0.05 
and 0.1 the effect of elasticity is to destabilize the flow such that the bifurcation occurs at lower Reynolds numbers 
than in the Newtonian case.  For both Deborah number cases the bifurcation is still well fit by a square root 
relationship and so it appears to be still supercritical.  With increasing Reynolds number the nature of the bifurcation 
changes from being to a steady asymmetric state to an unsteady state.  This cross-over is illustrated in Fig. 3 where a 
“Flow map” of the De-Re space shows that the steady asymmetric state occurs in a fairly narrow island of De-Re 
space.  The purely-elastic instability in a T-channel [29] – an instability occurring without the presence of inertia (Re 
o 0) – is known to lead to an unsteady flow and so this cross-over may be a switching from an inertia-dominated 
inertio-elastic instability to an elasticity-dominated inertio-elastic instability.  The effects of solvent viscosity, at 
least for the case of E = 0.5, are such that the decrease in Reynolds number from the Newtonian case is reduced: the 
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critical Re at De = 0.1 increases from Rec = 130.5 for the UCM model to Rec = 135.6 for the Oldroyd-B model, for 
example.        
6. Conclusions 
A numerical study of the inertial flow of Oldroyd-B and UCM fluids in a T-channel geometry was undertaken. 
The influence of the Deborah number and solvent-viscosity ratio were analyzed and a map of flow pattern types was 
produced. In addition, demarcation zones for the different flow regimes, i.e. symmetric steady, asymmetric steady 
and unsteady flow, were proposed. Knowledge of such zones may prove useful in the design of micro-fluidic chips 
for enhanced mixing, for example. 
Acknowledgements 
Adam Gauntlett and Mohammad Alfateh, both University of Liverpool, helped produce Figure 1 and their help is 
gratefully acknowledged. SJH and MMA were supported by a Marie Curie International Incoming Fellowship 
within the 7th European Community Framework Programme. 
References 
[1] P. Mitchell, Microfluidics—downsizing large-scale biology, Nat. Biotechnol. 19(8) (2001) 717–721  
[2] A. Groisman, M. Enzelberger, S. Quake, Microfluidic memory and control devices, Science 300 (2003) 955–958. 
[3] N. Kockmann, C. Föll, P. Woias, Flow regimes and mass transfer characteristics in static micro mixers. In The International Society for 
Optical Engineering. San Jose, CA, 2003. SPIE.  
[4] W.R. Dean, Note on the motion of fluid in a curved pipe. Phil. Mag. 20 (1927) 208–223. 
[5] D. Bothe, C. Stemich, H.J. Warnecke, Fluid mixing in a T-shaped micro-mixer. Chem. Eng. Sci. 61(9) (2005) 2950-2958. 
[6] M. Engler, N. Kockmann, T. Kiefer, P. Woias, Numerical and experimental investigations on liquid mixing in static micromixers. Chem. Eng. 
J. 101(1-3) (2004) 315-322. 
[7] M. Hoffmann, M. Schlüter, N. Räbiger, Experimental investigation of liquid–liquid mixing in T-shaped micro-mixers using μ-LIF and μ-PIV. 
Chem. Eng. Sci. 61(9) (2006) 2968-2976. 
[8] J. Hussong, R. Lindken, M. Pourquie, J. Westerweel, Numerical Study on the Flow Physics of a T-Shaped Micro Mixer. Symposium on 
Advances in Micro- and Nanofluidics, 15(4) (2009) 191-205. 
[9] A. Soleymani, E. Kolehmainen, I. Turunen, Numerical and experimental investigations of liquid mixing in T-type micromixers. Chem. Eng. J.  
135S (2008a) 219–228. 
[10] A. Soleymani, H. Yousefi, I. Turunen, Dimensionless number for identification of flow patterns inside a T-micromixer. Chem. Eng. Sci.  
63(21) (2008b) 5291-5297. 
[11] S. Thomas, T.A. Ameel, An experimental investigation of moderate Reynolds number flow in a T-Channel. Experimental Fluids 49(6) (2009) 
1231-1245. 
[12] R.J. Poole, M. Alfateh, A.P. Gauntlett, Bifurcation in a T-channel junction: effects of aspect ratio and shear-thinning.  Chem. Eng. Sci. 2013. 
In press. 
[13] R.P. Chhabra, J.F. Richardson, Non-Newtonian Flow and Applied Rheology. 2nd Edition, Butterworth-Heinemann, Oxford, 2008. 
[14] P. Neofytou, D. Drikakis, Non-Newtonian flow instability in a channel with a sudden expansion. J. Non-Newt. Fluid Mech. 111 (2003) 127-
150. 
[15] P. Neofytou P, Transition to asymmetry of generalised Newtonian fluid flows through a symmetric sudden expansion. J. Non-Newt. Fluid 
Mech. 133 (2006) 132-140.  
[16] S. Dhinakaran, M.S.N Oliveira, F.T. Pinho, M.A. Alves, Steady flow of power-law fluids in a 1:3 planar sudden expansion. J. Non-Newt. 
Fluid Mech. 198 (2013) 48-58. 
[17] G.N. Rocha, R.J. Poole, P.J. Oliveira, Bifurcation phenomena in viscoelastic flows through a symmetric 1:4 expansion.  J. Non-Newt. Fluid 
Mech. 141 (2007) 1-17. 
[18] P.E. Arratia, C.C. Thomas, J.D. Diorio, J.P. Gollub, Elastic instabilities of polymer solutions in cross-channel flow. Phys. Rev. Lett. 96 (2006) 
144502. 
[19] R.J. Poole, M.A. Alves, P.J. Oliveira, Purely elastic flow asymmetries. Phys. Rev. Lett. 99 (2007) 164503. 
[20] G.N. Rocha, R.J. Poole, M.A. Alves, P.J. Oliveira, On extensibility effects in the cross-slot flow bifurcation.  J. Non-Newt. Fluid Mech. 156 
(2009) 58-69. 
[21] M.S.N. Oliveira, F.T. Pinho, R.J. Poole, P.J. Oliveira, M.A. Alves, Purely elastic flow asymmetries in microfluidic flow-focusing devices.  J 
Non-Newt Fluid Mech. 160 (2009) 31-39. 
34   Robert J. Poole et al. /  Procedia Engineering  79 ( 2014 )  28 – 34 
[22] A.M. Afonso, M.A. Alves, R.J. Poole, P.J. Oliveira, F.T. Pinho, Viscoelastic flows in mixing-separating cells. J. Eng. Maths. 71(1) (2011) 3-
13. 
[23] J.G. Oldroyd, On the Formulation of Rheological Equations of State. Proceedings of the Royal Society of London Series a-Mathematical and 
Physical Sciences 200(1063) (1950) 523-541. 
[24] M.A. Alves, P.J. Oliveira, F.T. Pinho, A convergent and universally bounded interpolation scheme for the treatment of advection. Int. J. 
Numer. Meth. Fluids 41 (2003) 47-75. 
[25] P.J. Oliveira, F.T. Pinho, G.A. Pinto, Numerical simulation of non-linear elastic flows with a general collocated finite-volume method. J. 
Non-Newt. Fluid Mech. 79 (1998) 1-43. 
[26] M.A. Alves, F.T. Pinho, P.J. Oliveira, Effect of a high-resolution differencing scheme on finite-volume predictions of viscoelastic flows, J. 
Non-Newt. Fluid Mech. 93 (2000) 287-314. 
[27] M.A. Alves, P.J. Oliveira, F.T. Pinho, Benchmark solutions for the flow of Oldroyd-B and PTT fluids in planar contractions. J. Non-Newt. 
Fluid Mech. 110 (2003) 45-75. 
[28] N.A. Mouheb, D. Malsch, A. Montillet, C. Solliec, T. Henkel, Numerical and experimental investigations of mixing in T-shaped and cross-
shaped micromixers. Chem. Eng. Sci. 61(9) (2011) 278-289. 
[29] J. Soulages, M.S.N Oliveira, P.C. Sousa, M.A. Alves, G.H. McKinley, Investigating the stability of viscoelastic stagnation flows in T-shaped 
microchannels. J. Non-Newt. Fluid Mech. 163(1-3) (2009) 9-24. 
